The vibrations of methanol are studied theoretically via a fully coupled treatment of the small amplitude motions and the large amplitude torsional mode. Van Vleck perturbation theory is used to find a representation in which the coupling between the vibrational states is reduced. The full vibration-torsion eigenstates are obtained subsequently via matrix diagonalization. The convergence of the perturbation theory and variational calculations are discussed. The torsion-vibration energies and the torsional tunneling splittings are compared with available spectroscopic data for all the fundamentals. The unusual inverted E -A torsional tunneling splitting pattern observed spectroscopically for rotationless torsion-vibrational states is predicted by our calculation.
I. INTRODUCTION
Methanol is the smallest molecule exhibiting a methyl group and a large amplitude torsional motion. 1 These two features combine to make this molecule an excellent candidate for the study of intramolecular energy redistribution ͑IVR͒ in polyatomic molecules. 2, 3 Torsional motions, which have been the subject of numerous IVR investigations, are believed to play a special role in IVR. These motions due to their low frequencies and relatively large couplings to the remaining vibrational degrees of freedom are found to significantly enhance the extent of IVR processes. 2,4 -10 In methanol, the couplings responsible for this enhancement can be probed spectroscopically in a fairly direct fashion. The three methyl hydrogens can tunnel through the threefold potential barrier. This tunneling results in a splitting of the three lowest energy torsional states into states of (A) and (E) symmetry. Hence forth we refer to this splitting as ⌬, where a positive value is a normal splitting with the A level below the E level. The value of ⌬ is very sensitive to the width and height of the potential energy barrier, which in turn is modulated as a result of the couplings to the remaining vibrational degrees of freedom. Because the ⌬ values can be measured very accurately spectroscopically, [11] [12] [13] they are of an enormous importance in elucidating the role of torsionvibration couplings in IVR processes. 14 In this paper we develop a combined perturbative/variational method that allows us to calculate ⌬ values for all the fundamentals of the methanol molecule.
Excitation of the OH stretch has been shown to reduce ⌬ from that which is observed in the ground state. 15 The ⌬ values continue to decrease as the OH is further excited. 15 In an adiabatic framework, 16 which has had considerable success in the treatment of torsions, the picture that emerges is that of a torsional barrier whose height increases with OH excitation. The effect of the torsion-vibration coupling, however, is not always so straightforward. Xu et al. 11 through an analysis of their infrared spectra have demonstrated that, whereas ⌬Ͼ0 for the symmetric 3 CH stretch fundamental, i.e., the the A level below the E level, the 2 and 9 CH stretch fundamentals have ⌬Ͻ0, i.e., inverted splittings with the E level below the A level. Wang and Perry 17 have shown that this unusual result can be understood via a theoretical treatment of the vibration-torsion-rotation spectra of the three CH stretches using an internal coordinate model, which involves a local-torsional coupling of these modes. 17 The coupling between the CH stretches and the torsions are further complicated due to the presence of bend combination bands in Fermi resonance with the CH stretches. 15, 18 In an uncoupled, anharmonic normal mode representation the relevant combination bands are lower in energy than 2 , 9 CH stretch energies but higher in energy than the 3 CH stretch. As a result, this interaction will tend to lower the energy of the 3 fundamental and raise the 2 , 9 energies in comparison to the non-interacting case. 17, 18 It is believed that the ⌬ values are very sensitive to the effects mentioned above. A torsion-vibration interaction of this sort has been pointed out to be important in determining the torsional splitting pattern of 2 , 9 , and 3 modes by Wang and Perry. 17 Recently Lees and Xu found ⌬Ͻ0 for some of the lower frequency modes. 19 This work was an important pointer to a potential generality of this phenomenon for the whole class of threefold rotors. It did not take long for the corresponding theory of this phenomenon to be supplied by Hougen. 20 Subsequent studies by Lees et al. 12 found ⌬Ͻ0 for the 4 HCH bend, and in the low frequency region (1000-1500 cm Ϫ1 ) the intensive work carried out by Lees et al. 13 showed that the inversion pattern of the tunneling splitting is also present in the first excited state of the 11 out-of-plane OCH rocking motion. These researchers have shown that the 8 CO stretch and the 7 in-plane rocking mode follow a normal torsional splitting pattern. These results are in general agreement with the predictions of Hougen. 20 More recently Temsamani et al. 3 have developed a rotation-torsion-vibration treatment of the CH bends from an internal coordinate perspective that also accounts for the inverted splittings. Compared to the stretches, the study of bending and rocking motions presents additional challenges, as the former can be treated using a local-local coupling approach, the latter being more delocalized motions involving all the atoms. Due to the facts that the low-frequency modes appear in the region (1000-1550 cm Ϫ1 ) and the frequency of the torsional motion is approximately 300 cm Ϫ1 , it is reasonable to suppose that these modes couple strongly. In fact spectroscopic evidence 21 and the ab initio calculations of Koput 22 suggest a strong coupling between the CO stretch, the 7 HCO in-plane rocking, and the 6 COH bending. Given the above complexities it is clear that there is strong motivation to move beyond reduced dimensional approaches 3, 13, 17, [23] [24] [25] and to attempt a full quantum treatment of the entire system. In essence the goal is to unify the current theoretical treatments of the lower frequency modes and higher frequency CH and OH stretching modes. To date, only the Halonen group 26 has developed a model for all 12 vibrational degrees of freedom. This second-order perturbative treatment gives excellent results for many of the vibrations. Its only shortcoming is the treatment of the torsion as a harmonic oscillator to zeroth order. Here we extend that study so that the torsions are included such that we can take advantage of the threefold symmetry of the molecular Hamiltonian. Only with this extension is it possible to calculate torsional splittings. Our study uses a combination of perturbation theory and variational calculations. We build on the earlier work of Sugney et al. 27 who examined the HCN/HNC isomerization dynamics by treating the stretch modes perturbatively and then included the large amplitude bending mode variationally. For methanol we will use Van Vleck perturbation theory to decouple the molecular vibrations and subsequently to include the effects of the torsions and its coupling to the molecular vibrations via a variational calculation. We will refer to this approach as the Van Vleck with Variational Calculation ͑VV/VC͒.
The long term goal of this work is to provide a fully coupled quantum approach which reproduces the spectroscopically observed ⌬ values. The present study focuses mainly on the methodology and the accuracy to which one can calculate the eigenstates for a given potential. In Sec. II we present the Hamiltonian, describing both its potential and kinetic contributions. The VV/VC approach is outlined in Sec. III. The resulting eigenvalues are discussed and are compared to experiment in Sec. IV. We conclude in Sec. V.
II. THE HAMILTONIAN
In this section we describe the Hamiltonian used to calculate the methanol eigenvalues. This Hamiltonian is written in curvilinear normal coordinates whose equilibrium values are functions of the torsional coordinate . We first describe the potential and the kinetic contributions to the full Hamiltonian. These contributions are then expressed in terms of raising and lowering operators where circular raising and lowering operators are employed for the degenerate vibrations in order that the G 6 permutation group can be exploited.
A. The potential
We take as our starting point the quartic potential of Miani et al. 26 The geometries and harmonic contribution to the potential were calculated at the CCSD͑T͒ level using the cc-pVTZ basis set; the cubic and quartic contributions were calculated at the CCSD͑T͒ level using a modified aug-ccpAVTZ basis set. 
The definitions are the same as MHHH, although the numbering is changed since we are using G 6 permutation inversion group and MHHH used C s symmetry. The internal coordinates, defined in Fig. 1 , are the same as those of MHHH with the exception of the torsion. If the CO bond lies on the z-axis, then the torsional coordinate is defined as
where i is the azimuthal spherical polar coordinate for atom i. The MHHH potential uses ϭ 4 Ϫ 1 Ϫ, so we have transformed it numerically to reflect this change of variable.
To treat the large amplitude torsional motion correctly we re-express the MHHH potential as a Fourier expansion of the coordinate instead of Taylor series. 28 To do this, we first re-expand the potential about a torsionally averaged geometry, that reflects the threefold torsional symmetry of the molecule, e.g., the three equilibrium CH distances are the same. This geometry is obtained by considering displacements solely along the S 6x , S 7x , and S 8x coordinates with a minor shift in the umbrella mode S 5 .
The potential is subsequently rewritten in terms of the coordinates S nϮ ϭS nx ϮiS ny for each of the degenerate modes. These coordinates, which are similar to those of Hecht and Dennison, 28 have the advantage that the potential can be expressed as a sum of terms
͑3͒
where the threefold symmetry imposes the constraint that
where k is an integer. Here nϭ͕n 1 ,n 2 ,n 3 ,n 4 ,n 5 ,n 6ϩ ,n 7ϩ n 8ϩ ,n 6Ϫ ,n 7Ϫ ,n 8Ϫ ,n 9 ͖.
As an example, the terms S 6ϩ 2 and S 1 S 6Ϫ 2 have 3k values of 3 and Ϫ1, respectively. Consequently the former is symmetry allowed while the latter is not. This symmetry constraint enables one to determine the coefficients of the Fourier series from the Taylor series in a direct fashion that is readily illustrated in the following two examples. The Taylor series contains the terms S 1 2 and S 1 2 2 . The Fourier series is chosen to contain the two terms S 1 2 and S 1 2 cos(3), where the expansion coefficients of the latter terms are uniquely chosen so that a second order Taylor series of the new potential terms with respect to leads to the original potential. The Taylor series contains the four terms S 8ϩ m , where mϭ0 Ϫ3. The Fourier series contains the four terms S 8ϩ exp͓in 9 ͔, where n 9 ϭϪ1, 2, Ϫ4, and 5. With this procedure the force field remains a quartic force field with respect to all the symmetry coordinates excluding the torsion. The highest Fourier expansion included in the new force field is the pure torsional term cos 6. This and the cos 3 term are derived from the 2 and 4 Taylor series expansion terms.
The resulting potential has large linear terms of both A 1 and E symmetry. These terms are removed by making the equilibrium positions functions of as
This transformation, taken in the spirit of the reaction path Hamiltonian, 29 is important as it enhances significantly the convergence of the variational calculations over that which is found when S i (e) is not a function of . This approach is also similar to that used by Hougen 30 and Günthard 31 in their treatment of CH 3 CHO molecule. Specifically, we use symmetry and write
Each equation has two unknowns (A i and B i ) which are trivially obtained from the two constraints that there be no linear terms at ϭ0 and ϭ. The potential, written as function of S iϮ , is subsequently reexpressed in terms of S ix and S iy so that all terms are real. Table I compares the equilibrium geometries of the MHHH potential and the current potential force field. The agreement is good with the exception of the ␤ 1 value at the saddle point where there is a discrepancy of 1.2°. It should be stressed that the current force field is constructed from knowledge of the equilibrium geometry and a quartic potential expansion centered at that geometry. An important step for future research is to include saddle point information in the force field determination.
A final step in the force field derivation is to rewrite the stretch degrees of freedom in terms of Simons, Parr, Finlan ͑SPF͒ coordinates. 32 To do this we transform the stretch contribution to the force field from symmetry coordinates to internal coordinates using the inverse of the transformation of Eq. ͑1͒. The internal coordinates are then re-expressed as SPF coordinates, which, in turn, are transformed back to symmetry coordinates. The final symmetry coordinates are expressed as the appropriate linear combination of the SPF coordinates. The resulting force field is truncated at fourth order for all symmetry coordinates other than the torsion. With these transformations the potential has a reasonable asymptotic form at large values of the stretch extension coordinates. We refer to this final potential as the VF potential. The only parameter that has been adjusted empirically in our final potential is V 3 the threefold torsional barrier. We have reduced V 3 from its value of 421.5 to 340.0 cm Ϫ1 in order that our calculated ⌬ for the ground state is in agreement with the experimental value of 9.1 cm Ϫ1 .
B. The kinetic energy operator
The kinetic energy operator is written in the form
We have neglected the relatively minor mass dependent, potential like term VЈ that arises from the transformation from Cartesian coordinates to internal coordinates. 33 The elements of the G-matrix are derived following the methods of Wilson, Decius, and Cross. 34 The key to this derivation is the construction of the B-matrix, which describes the nonlinear transformation SϭBx between symmetry coordinates and Cartesian coordinates. Given B at any value of symmetry coordinates, one can evaluate the elements of G at the corresponding molecular configuration. 35 As always, care must be taken with regard to the redundant coordinates. 36 If we can calculate G numerically at any point, we can also expand numerically the elements of G in a Taylor series for the symmetry coordinates and a Fourier series for the torsion. We include up to quartic terms in the Taylor series and up to mϭ6 in the Fourier series.
Although the above describes how to calculate the Hamiltonian in symmetry coordinates, one can just as easily carry out the procedure using the normal coordinates, since the transformation between normal coordinates and symmetry coordinates is linear. The kinetic energy operator in normal coordinates retains the same form as Eq. ͑7͒. We determine the normal coordinates by diagonalizing the
matrix. Here G (0) is the mϭ0 Fourier component of G evaluated at S i ϭ0 for all i. The force constant matrix F (0) contains the quadratic force constants of the mϭ0 Fourier component of the potential. Both the F (0) and G (0) matrices separate into A 1 , E x , and E y symmetry blocks. The resulting frequencies are given in Table II .
C. Raising and lowering operators
The normal coordinate dependence of the potential and kinetic energy operators is re-expressed in terms of raising and lowering operators. For the doubly degenerate modes, the circular raising and lowering operators
are used where a x and a y are the Cartesian lowering operators for the Cartesian coordinates of the doubly degenerate modes. 37 The central advantage of this choice of operators is that the basis functions, defined in terms of the ͕n g ,n d ͖ quantum numbers, are eigenfunctions of the n ϭn x ϩn y ϭn g ϩn d and ᐉ ϭn g Ϫn d quantum numbers for each of the degenerate modes. 38 This representation, which is equivalent to that used by Hecht and Dennison 28 in Eq. ͑40͒ of their paper, greatly simplifies the symmetrization of the molecular wave functions.
III. CALCULATION OF THE EIGENVALUES
The eigenvalues of the above Hamiltonian are obtained via a two stage process. We first use Van Vleck perturbation theory to decouple the molecular vibrations. We then diagonalize the resulting matrix to find variationally the eigenvalues of the full Hamiltonian. We will hereafter refer to this two-step procedure as a VV/VC calculation. Each of these steps are now described.
A. Separation and expansion of the Hamiltonian
In order to carry out the perturbation theory it is convenient to divide the Hamiltonian into three contributions
Here the contribution H vib is the pure vibrational Hamiltonian, H tor is the pure torsional Hamiltonian with potential V()ϭV 3 cos(3)ϩV 6 cos(6). The final contribution describes the vibration-torsion coupling. This latter term is written as a sum of separable terms. We now provide a description of these terms in more detail. We express the methanol Hamiltonian as follows:
This expansion is straightforward given the expansions for G and the potential described above. The exception is the H lm terms with lϭ1. As an aside we use the notation that if the superscript (c) or (s) is omitted, the term applies to either the sine or cosine terms. In order to write the individual (lϭ1) terms in the product form, we recognize that each of these terms take the form
Here f () is either cos(m) or sin(m). This term can be written as a sum of products of Hermitian operators by reexpressing it as
Written in this form, one can see that 
͑12͒
The subscript e denotes evaluation of the contribution at Q ϭ0 so that the coefficients ͓H 03 (c) ͔ e and ͓H 06 (c) ͔ e are the usual V 3 and V 6 contributions to pure torsional potential. The other H 0m (c) are zero due to symmetry. The remaining contributions to Eq. ͑10͒ constitute the vibration-torsion coupling.
As a preliminary to carrying out the perturbative transformations we expand each H lm in the form
where is the perturbation parameter. Terms of order n are included in H lm (nϪ2) . If either m 0 or l 0, there may be linear or quadratic terms; these are included in H lm (1) and H lm (2) , respectively. As mentioned above, each H lm is then reexpressed in terms of harmonic oscillator raising and lowering operators.
B. Van Vleck perturbation theory
In contrast to traditional approaches, 39 we use Van Vleck perturbation theory to obtain a representation in which the interactions between the vibrations are reduced. As such, the perturbative transformations are not functions of the torsional coordinate. We then incorporate the torsion-vibration couplings via a variational calculation. This new vibrational representation is determined via a succession of canonical transformations,
The operators S (n) , which are expressed as functions of raising and lowering operators, are chosen such that K vib ϭK 00 (c) has the desired form through order n. 40 Having transformed H vib ϭH 00 (c) , we transform the torsion-vibration couplings to the same representation by transforming the remaining contributions H lm (c) and H lm (s) via Eq. ͑14͒. The transformations are carried out using the defined S (n) for the pure vibrational contribution.
The S (n) are chosen so that the vibrational Hamiltonian, when written in the final matrix form, is nearly blockdiagonal. The precise form of the vibrational Hamiltonian is chosen such that one avoids small denominators in the perturbative expansions. There are several methods to achieve this. In this work we have followed an approach 41 that proved to be effective for treating the vibrations of CS 2 . We define several polyad quantum numbers N i ϭ ͚ j M i j n j , where n j is the vibrational quanta in mode j whose frequency is given in Table II . For the degenerate modes, n j is the sum of quanta in the two modes. If two states have the same value of N i for any value of i then the corresponding coupling between them is not perturbatively transformed away. When there is only one N i , the transformed Hamiltonian is block-diagonal. In the present work we used the four N i defined by the matrix
Mϭ
ͩ 6 6 3 2 2 6 3 2 6 6 3 3 2 6 3 2 6 6 3 3 3 6 3 2 14 12 6 5 3 12 6 4
ͪ
.
͑15͒
If we had just used the first constant, then this would imply that we were perturbatively decoupling the OH stretch from the overtone of the COH bend, while allowing the OH stretch, the CH stretch fundamentals, and HCH bend overtones to interact. The OH and CH stretch fundamentals and the HCH bend overtones all have N 1 ϭ6, whereas the COH bend overtone has N 1 ϭ4. By including the second constant we no longer are perturbatively decoupling the OH stretch and the COH bend overtone. We have included enough constants so that no nearly degenerate states are perturbatively decoupled. Our choice of M is based on the frequencies of Table II and inspection of the size of the elements in the S (n) .
C. Matrix diagonalization
As perturbation theory is not used to decouple torsions from vibrations, we obtain the eigenvalues via matrix diagonalization. Computationally, this is the rate limiting step in our calculations. Even after the above perturbative transformations, the remaining torsion-vibration coupling is relatively significant, and it leads to mixing between all the vibrational degrees of freedom. Consequently, large matrices are needed for convergence. The key to the success of the matrix diagonalization is to exploit the full G 6 permutation inversion symmetry and use prediagonalized torsional functions. The symmetrization has been discussed by Hecht and Dennison, 28 however our prediagonalization of the torsion requires a modification of their approach. In this subsection we describe how both prediagonalization and symmetrization are incorporated into our variational calculations.
The unsymmetrized vibrational basis functions are harmonic oscillator product functions. Since we have opted to use circular raising and lowering operators for the degenerate modes ͓cf. Eq. ͑8͔͒, each wave function can be assigned ''angular momentum'' quantum numbers ഞϭ͕ᐉ 6 ,ᐉ 7 ,ᐉ 8 ͖. As the symmetrization of the basis only involves these 3 quantum numbers we express the unsymmetrized basis functions as ⌿͑ഞ͒. The threefold symmetry of the vibrational contribution to the wave functions is uniquely determined by the sum of these quantum numbers ᐉ t ϭᐉ 6 ϩᐉ 7 ϩᐉ 8 . More specifically, if ഞ t ϭ0, then the wave function has A 1 symmetry which we denote as follows; As above, one can define ⌽ E 1 and ⌽ E 2 , as the Ϯ linear combinations of ⌽ E g and ⌽ E d , respectively. One can form direct products of the above vibrational and torsional wave functions that also transform with the appropriate symmetry. Taking both the threefold and 2↔3 symmetries into consideration we report in Table III the symmetrized wave functions. To test the symmetrization procedure, variational calculations were performed in both unsymmetrized and symmetrized representations; equivalent results were obtained.
IV. RESULTS AND COMPARISON WITH EXPERIMENT
We begin this section by describing a calculation of the eigenvalues in the high torsion barrier limit. This serves as both a test of the transformed potential, the perturbative transformations, and the variational calculation. We will then return to the calculations of the full vibration-torsion Hamiltonian where we will examine the convergence of our calculations with respect to basis set size and compare second and fourth order perturbative results.
A. Verification of the model in several limits
We test the accuracy of the VF potential described in Sec. II A by comparing its corresponding normal mode frequencies to those of the original MHHH potential. To carry out this comparison we evaluate both these potentials at the equilibrium torsional configuration with C s symmetry and perform a normal mode calculation. We neglect vibrationtorsion kinetic coupling terms and, for the VF potential, constrain the S i (e) () in Eq. ͑5͒ to the ϭ value of the equilibrium geometry. The largest difference between any of the normal mode frequencies is 0.4 cm Ϫ1 . This agreement confirms the accuracy of the quadratic contribution to the Fourier expanded VF potential.
In order to test the correctness of the perturbative calculations and the ensuing variational calculations ͑VV/VC͒, we repeated the normal mode calculation with the VF potential described above with the exception that we did not constrain the S i (e) () in Eq. ͑5͒ to the equilibrium geometry. The dependence leads to additional terms in the kinetic energy operator even in the high barrier limit. These results were compared to energies calculated via the VV/VC approach where only quadratic vibrational terms had been included in the Hamiltonian of Eq. ͑9͒, and the threefold torsional barrier had been increased 1000-fold in the diagonalization of the vibration-torsion Hamiltonian. The excellent comparison found in Table IV indicates that the VV/VC codes are working as expected. It should be noted that each of the vibration/ torsion levels is threefold degenerate.
There is a third motivation for this comparison. In the VV/VC calculation our normal coordinates are obtained with torsionally averaged G and F matrices. Their corresponding frequencies were given in Table II. Comparison of Tables II  and IV serves to distinguish the numbering scheme for the modes. Throughout the rest of this paper we will use the C s numbering scheme, as it is more prevalent in the literature. The differences between the two sets of normal modes is a measure of the extent of vibration-torsion coupling. Table IV quantitatively provides this information in the last column. There one sees that the COH bend, in-plane OCH rocking, and CO stretch C s normal mode fundamentals have substantial contributions from all of the corresponding G 6 normal modes. For example, for the high barrier the COH bend is 64.3% COH and 33.3% OCH in-plane rocking.
B. Convergence of torsion-vibration eigenvalues
The convergence of the eigenvalues in the variational calculation is quantified with four quantities ͕E max ,n max ,J max ,N ord ͖. The first two describe the size of the vibrational basis set. The vibrational basis includes those Figure 2͑a͒ shows the results when we expand the comparison to all A 1 states below 4000 cm Ϫ1 of excitation. The results with E max ϭ23 000 cm Ϫ1 , which we refer to as A basis which has 6224 basis functions, is compared in Fig. 2͑a͒ with the basis with E max ϭ21 000 cm Ϫ1 referred as B basis which has 4474 basis functions.
We have also compared basis A results with those of a basis that includes all states with ͚ i n max р4 and 3 and no energy cutoff; the ⌬E between basis A and these two bases are 0.15 and 1.2 cm Ϫ1 , respectively. The n max ϭ4 basis is essentially as good as the larger basis sets A and B, yet only requires 2454 basis functions.
Having demonstrated good convergence for all states below 4000 cm Ϫ1 of excitation ͓cf. Fig. 2͑a͔͒ with respect to the vibrational basis set, we now consider the convergence with respect to the torsional basis. In this comparison our basis sets are ͕21000,5,6,4͖ and ͕21000,5,9,4͖. Comparison of these bases are given in Fig. 2͑b͒ . Although the eigenvalues in general converge fast as a function of J max for the majority of fundamentals, there are two exceptions: the 9 CH stretch A 2 state and the 1 OH stretch E state. Here we find oscillations as large as a 1 cm Ϫ1 as J max is increased from 5 to 9. The difference between 9 and 10, however, is only 0.04 cm Ϫ1 . Finally we have examined convergence with respect to the level of perturbation theory. In Fig. 2͑c͒ we compare results for second and fourth order. The largest difference between these two levels is about 9 cm Ϫ1 . Comparing to other studies we have made, 35, 36 we believe that the fourth order results are accurate to within a couple wave numbers for all states shown in the Fig. 2͑c͒ .
C. Comparison of calculated and experimental torsion-vibration energies
The torsion-vibration energies and the respective ⌬ values for the 11 small amplitude vibrations are shown in Table  V . All torsion-vibration energies in Table V are given with respect to the zero point energy. Referring the torsionvibration energies in this way, allows direct calculation of the first excited torsional tunneling splitting of a given state by the difference between the energies of the A 1 or A 2 and the E substates as illustrated in Table V . We have used the ͕45000,4,9,4͖ basis for these comparisons.
Comparison of the calculated torsion-vibration energies with those determined experimentally reveals an absolute average deviation 6.8 cm Ϫ1 , which compares with the average absolute deviation of 5.0 cm Ϫ1 calculated for all fundamentals by Miani et al. 26 This deviation is considerably increased sets are determined by the quantities ͕E max ,n max ,J max ,N ord ͖, where E max is maximum allowed energy in cm Ϫ1 of a basis function, n max is max total of the quanta of vibrational excitation J max , is the maximum allowed quanta in the prediagonal torsional basis, and N ord is the order of perturbation theory. Energy differences as a function of energy are plotted for different basis sets: ͑a͒ ͕23000,5,6,4͖ referred as A basis and ͕21000,5,6,4͖ referred as B basis, ͑b͒ ͕21000,5,6,4͖ and ͕21000,5,9,4͖, and ͑c͒ ͕45000,4,6,2͖ and ͕45000,4,6,4͖. The coefficient in the vibrational wave function expansion.
for the 6 , 7 , 8 low frequency modes, for which the calculated values differ from the experimental values by approximately 19, 10, and 9 cm Ϫ1 , respectively. We now make a more detailed comparison of the calculated energies with those from experiment.
OH stretch
This mode is relatively isolated from the remaining modes, which is evident from the large contribution of this mode to the wave function expansion coefficients ͓Ϫ0.92 (E), Ϫ0.98 (A 1 )] reported in Table V . This is the expected behavior for the OH stretch due to the large gap in frequency between the OH and the remaining modes of the molecule, and due to the absence of low order Fermi resonances. Our calculated frequencies for the OH stretch 1 
CH stretches
The CH region of the spectra is complex, as there are significant stretch-bend interactions that lead to Fermi resonances. For example, the doublets (A 2 /E) 2906.7/2904.0 cm Ϫ1 and (A 2 /E) 2960.1/2954.4 cm Ϫ1 have significant 9 character. Since the reported experimental values 17 for the 9 CH stretch doublet (A 2 /E) 2960.56/2955.08 cm Ϫ1 are significantly closer to the second set, we included the latter in Table V . These eigenstates also have significant 4 ϩ 10 and 5 ϩ 10 character. The 2 CH stretch is the least mixed of the CH stretch fundamentals. The (A 1 /E) doublet with energy 2997.1/ 2993.9 cm Ϫ1 exhibits significant 2 CH stretch character. This doublet also mixes with 3 CH stretch, 4 ϩ 6 and the 2 10 basis states. The doublet energies are in good agreement with the observed experimental values 17 of (A 1 /E) 3000.90/2997.64 cm Ϫ1 displayed in Table V . The stretch-bend interaction produces two (A 1 /E) doublets with rich contributions of the 3 CH symmetric stretch. The corresponding energies are 2827.7/2826.3 and 2843.3/2846.0 cm Ϫ1 . In the first doublet, the A 1 state is composed of 4 ϩ 6 , 5 ϩ 6 , 2 4 , and 2 5 basis states. The E state has contributions from the 6 ϩ 4 , 6 ϩ 5 , and 4 ϩ 7 basis states. In the second doublet, the A 1 state has contributions from the 4 ϩ 6 , 4 ϩ 7 , and the 2 5 basis states. The respective E level has contributions from the 2 4 , 2 5 and the 4 ϩ 6 basis states. As indicated in Table  V , the experimentally reported values 17 for the torsionvibration energies are 3 (A 1 /E) 2838.64/2847.71 cm Ϫ1 , which compare satisfactorily with those of our calculated second doublet.
CH 3 bends
The three HCH bends 4 , 5 , and 10 are relatively isolated in frequency, and hence show little state mixing, as shown in Table IV also agree satisfactorily with these experimental values.
OCH rocking, CO stretch, and COH bend
In the low frequency region we observe the presence of substantial mixing between the three modes of A 1 symmetry, these being the 8 CO stretch, 7 in-plane rocking, and the 6 COH bending mode. The respective energies of the (A 1 /E) doublets are 1038.3/1044.9, 1080.0/1082.9, and 1340.6/1353.4 cm Ϫ1 . Although it is true that all these modes all mix in the high barrier, harmonic limit, the composition of the 6 COH bending state indicates that the nature of this state arises from an important resonance with the two lower frequency modes that involve the torsional degree of freedom; the zero order COH bend mixes appreciably with the torsional excited rocking state 7 ϩ 12 and the CO torsional excited state 8 ϩ 12 . The eigenstates corresponding to these latter zero order states have energies of 1360.8 and 1389.4 cm Ϫ1 , respectively. This Fermi-type resonance illustrates a possible mechanism, through which excitation of the torsional motion could open up channels for IVR involving the 6 , 7 , and 8 low frequency modes.
The interaction of the 6 COH bend with 7 and 8 has been investigated by Lees and co-workers. 21, 43, 44 Through their study of the infrared spectra of the isotopomers of CH 3 OH, they have found a strong interaction between 6 COH bend at n 12 ϭ0 with the 7 and 8 torsional excited states n 12 ϭ1. Their results are pictorially illustrated by the crossing of the torsion-vibration energies of these modes plotted as a function of, K, the total projection of the rotational quantum number. A tentative assignment by Lees 45 of the Kϭ0 A 1 and E subbands have provided estimates of 1320.63 cm Ϫ1 for the A 1 state and 1344.32 cm Ϫ1 for the E state. Given the relatively strong vibration-torsion coupling observed for these states, the agreement between theory and experiment is satisfactory.
The 11 out-of-plane rocking normal mode is the only low frequency vibration of AЉ symmetry. Therefore, we expect this mode to be relatively unmixed. This expectation is verified by the results in Table V 
D. Torsional tunneling splittings
The VV/VC calculation for the ground state gives a ⌬ value of 9.2 cm Ϫ1 . This value can be compared to the 10.5 cm Ϫ1 found for the pure torsional Hamiltonian. This close agreement indicates that the effect of the torsionvibration coupling is small for the ground vibrational state. However the ⌬ values can vary in both in sign and magnitude when the vibrational modes are excited. This drastic change constitutes a signature of the profound effects of the torsion-vibration interaction in the torsion-vibration level structure of this molecule. Figure 3 shows a schematic of the ⌬ for each of the fundamental vibrations. Our results show all the same trends as experiment. As can be seen, ⌬ values are less than zero for the 2 , 9 CH stretches, the 4 , 10 HCH bends, and the 11 CH out-of-plane rocking mode; on the other hand, the remaining modes have ⌬Ͼ0. Many reduced dimensionality treatments have appeared in the literature 3, 17, 25 to account for the unusual inversion pattern of the E -A torsional tunneling splittings in CH 3 OH. With the exception of the work of Xu 25 these studies are all based on effective Hamiltonians. The present work is to our knowledge the first ab initio study that correctly reproduces the above pattern.
OH stretch
The ⌬ value for the OH stretch degree of freedom has been observed to decrease as vibrational excitation in the OH increases. Several theories have been put forth to explain this trend that suggest that the torsional barrier increases as energy in the OH stretch increases. Unfortunately, as the results of have generated our potential surface. Further refinement of the potential that describes the OH stretch/torsion couplings is needed.
CH stretches
The three stretches ͕ 2 , 9 , 3 ͖ have been studied by Wang and co-workers 11,17 using a local-local coupling approach. From this study ⌬ values for 2 and 9 have been determined to be Ϫ3.26 and Ϫ5.48 cm Ϫ1 , respectively. For 3 a ⌬ value of 9.07 cm Ϫ1 has been found. We have calculated splittings of Ϫ3.2, Ϫ5.7, and 2.7 cm Ϫ1 for the 2 , 9 , and 3 , respectively. The ⌬ for 2 and 9 are in excellent agreement with experiment; the agreement is less satisfactory for the 3 CH symmetric stretch. This disagreement can be due to several causes. However, we have observed around the region 2820-2970 cm Ϫ1 , torsionvibrational states that involve combination bands that mix with 3 . These combination bands result from the strong CH stretch-bend interaction, which appears to modify the ⌬ value of this mode. This interaction is manifested as a perturbation that shifts each stretch fundamental in two A/E doublet states one of low and the other of high frequency, which exhibit a substantial amount of mixing with basis states ͑overtones and combination bands͒ of 4 , 5 , 10 , and 6 , as was discussed in previous section.
CH 3 bends
The patterns of the ⌬ for 2 , 3 , and 9 stretches and 4 , 5 , and 10 bends are similar as illustrated in column 3 of Fig. 3 . These modes follow a ⌬ pattern similar to that described by Wang et al. 17 for the stretches and Xu 25 for the bends. Where in both cases, the three interacting modes ͕ 2 , 3 , 9 ͖ and ͕ 4 , 5 , 10 ͖ are treated using an internal coordinate approach involving local-local coupling and nonadiabatic treatment of the internal rotation motion. The inverted torsional splitting pattern of these modes also have been discussed by Hougen 20 using his extended v Eϫ t E group theoretical treatment ͑case 3͒ to include the three interacting modes.
The E -A splitting of the 4 has been observed to be Ϫ8.12 cm Ϫ1 . 12 Very recently, Tensamani et al. 3 have reported a new Fourier transform assignments of the 4 , 5 , and 10 subbands, which they have used with the recently published data of Lees et al. 12 for the 4 10 , respectively, and with the predictions of our fully coupled calculation, where the corresponding ⌬ values are Ϫ2.4, 7.4, and Ϫ8.0 cm Ϫ1 . Our calculation predicts both the inversion pattern for 4 and 10 and a normal pattern for 5 , the symmetric bend.
OCH rocking and COH bend
In the G 6 basis, the doubly degenerate modes include the CH stretches, HCH bends and the OCH rocking ͓cf. Table   II͔ . One might expect, therefore, that these modes would have similar splitting patterns. However, this is not the case as is evident from Fig. 3 . The pattern observed for the rocking modes and predicted by our calculations has been accounted for using the v Eϫ t E group theoretical treatment of Hougen 20 applied to these two interacting modes. An illustration of this has been given by Lees et al. 13 to rationalize the determined ⌬Ͻ0 value found for the 11 from highresolution Fourier transform spectrum.
Our calculation yields ⌬ values of Ϫ3.8 and 2.9 cm
Ϫ1
for the OCH out-of-plane and in-plane rocking modes, respectively. According to Table V, the agreement with experiment appears to be qualitative; however, we think that these results are quite satisfactory, because they reflect the significant torsion-vibration coupling of these modes. The largest observed ⌬ value is that of the 6 COH bend. As indicated in Table V , an experimental value of 23.69 cm Ϫ1 has been found, which is substantially larger than our calculated value of 12.8 cm Ϫ1 . The abnormally large value, according to Lees and co-workers 13, 21, 43, 44 is due to the special interaction between the in-plane rocking and the COH bend discussed in the previous subsection. Conversely the large difference between theory and experiment suggests that the ⌬ values are very sensitive to the magnitude of the Fermi resonances involving the torsional motion and the low frequency modes that we have observed in our study. As such, these ⌬ values can be used to calibrate the theoretically observed interactions. We believe that more experimental and theoretical work in this direction will help in the understanding of the nature of the coupling between low frequency modes and the large amplitude internal rotation motion.
V. CONCLUSIONS
We have reported the results of a fully quantum approach for treating the coupling of the 11 small amplitude vibrations of methanol with the large amplitude torsion motion. This approach involves a combination of Van Vleck perturbation theory and a variational calculation. Essentially, perturbation theory is used to precondition the representation of the vibrational Hamiltonian so that the couplings between the vibrations are greatly reduced. The variational calculation is performed to treat the vibration-torsion coupling. We estimate that we have converged all torsion-vibration energies of the fundamentals to within 1 cm Ϫ1 , where the greatest uncertainty is in regard to the convergence of the fourth order perturbation theory results.
An important result of our full quantum torsion-vibration calculation can be stated as follows: our torsion-vibration calculations reproduce all E -A torsional tunneling splittings of fundamentals from past and recently reported spectroscopic analyses. In contrast to most of the previous work which has used lower dimensional, spectroscopic Hamiltonians to describe very accurately select aspects of the complex spectroscopy of methanol, we have described here a unified treatment that seeks to explain all spectral features based on the Born-Oppenheimer potential surface. Our calculations suggest that our Fourier expanded Hamiltonian constitutes a good starting point for describing these essen-tial features. With the exception of the threefold barrier which was optimized to give an accurate ground state splitting, our calculation is fully ab initio, our starting point being the electronic structure calculation of Miani et al. 26 While the splitting patterns are correctly predicted, the magnitudes of several of the splittings are not quantitative. Moreover the 6.8 cm Ϫ1 average deviation for all the fundamentals indicates that there are shortcomings. Given the level of convergence in our calculations, we are confident that the shortcomings are in our potential. This shortcoming is particularly noteworthy in the description of the low frequency (AЈ) modes where vibration-torsion coupling is significant. As a result further study of the potential, particularly in region at the top of the barrier where ϭ0 is needed.
